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1. Introduction 



To study the implications of spacetime supersymmetry for the superstring, it is useful 
to have a formalism in which super-Poincare covariance is manifest. Although the super- 
Poincare covariant Green-Schwarz formalism [1]] can be used to classically describe the 
superstring, it has not yet been quantized in a covariant manner. This prevented the 
construction of super-Poincare covariant expressions for massive vertex operators since, 
unlike massless vertex operators, massive vertex operators cannot be obtained from the 
classical action in a curved background. 

Recently, a new super-Poincare covariant formalism for the superstring has been pro- 
posed using a BRST-like operator Q = J X a d a where d a is the D = 10 supersymmetric 
derivative and A a is a pure spinor variable]^]. In this formalism, physical vertex operators 
are defined in a manifestly super-Poincare covariant manner as states in the cohomology 
of Q. Massless vertex operators have been explicitly constructed using this formalism and 
tree amplitudes have been shown to coincide with Ramond-Neveu-Schwarz amplitudes |§ 
I- 

In this paper, the vertex operator for the first massive states of the open superstring 
will be explicitly constructed in super-Poincare covariant notation and shown to describe 
a massive spin-two multiplet containing 128 bosonic and 128 fermionic degrees of freedom. 
Although this construction is guaranteed to succeed because of the cohomology arguments 
of , it is interesting to see how the vertex operator for this massive multiplet is expressed 
in terms of ten-dimensional superfields. 

2. Physical Vertex Operator 

Physical states in the pure spinor formalism for the open superstring are defined as 
ghost-number one states in the cohomology of Q = f X a d a where A" is a pure spinor 
variable constrained to satisfy A7 m A = 0, 

d a = Pa - \i^dx m - ^ lmiS 9?ewe 5 , (2.i) 

7^ and 7 ma /3 are 16 x 16 symmetric matrices which are the off-diagonal components of 
the 32 x 32 ten-dimensional gamma matrices, [x m , a ,p a ] for m = to 9 and a = 1 to 16 
are free worldsheet fields satisfying the OPE's 

x m (y)x n (z) -> -aV™(log \y - z\ + log \y-z\), Pa {y)6 p {z) -> , (2.2) 

l 



and a' is the inverse of the string tension. One can use ( |2.2|) to show that d a is spacetime 
supersymmetric and satisfies the OPE's 



rry-l -l — r- / \ 1 / \ -l — r- '711 / \ 



d«(y)^(«) - -^3^ n -W' ^) nm (*) ^ 2(^) 7 ^^ ( ^' (2 ' 3) 



IT»(y)y(z) d m V(z), d a (y)V(z) -> rA*V(z), 

y-2 2(y-z) 

where n m = dx m + \"i™p9 a dO^ , V(x,9) is an arbitrary ten-dimensional superfield, 
and D a = + , y™ /3 6 /3 d rn is the supersymmetric covariant derivative which satisfies 
{D a ,D p } = 2 1 ™ /3 d rn . 

The pure spinor constraint Xj m X = implies that the canonical momentum for A a , 
which will be called w a , only appears in combinations which are invariant under the gauge 
transformation 8w a = (7 m A) a A m for arbitrary A m . This implies that w a only appears 
in the Lorentz-covariant combinations N mn = ^(wy mn X) and J = w a X a . By solving 
A7 m A = in terms of unconstrained fields, one can show that N mn and J satisfy the 
OPE's U 

N mn {y)X a {z) - i^^"" 1 )^^), J(y)X a (z) - ^-^\"( z ), (2.4) 
N kl (y)N mn (z) -> - .^^l ^'T 1 ' + of °_ . n (^ m[t ^V* ]n (g) " rT [ 'W fc]m (z)), 

Furthermore, A7 m A = implies that A^ mn and J satisfy the relation 

: iV mn A* : lma p -\:J\ a : 7^ = ot«fad\*{z) (2.5) 



where the normal-ordered product is defined as 

: U A (z)X a (z) := <j> -^-U A {y)X a {z). 

To prove (|2.5|), note that w a drops out of the left-hand side because A7 m A = 0. And the 
coefficient in the normal ordering contribution a'^adX 01 can be determined by computing 
the double pole of fl5^) with J using the OPE J(y)J(z) -> ~j~j2- 

When a' (mass) 2 = n, open superstring vertex operators are constructed from arbi- 
trary combinations of [x m ,6 a ,d a ,X a , 7V mn , J] which carry ghost number one and conformal 
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weight n at zero momentum. Note that [d a ,N mn , J] carry conformal weight one and A a 
carries ghost number one. For example, the most general vertex operator at (mass) 2 = 
is V = X a A a (x,9) where A a (x, 6) is an unconstrained spinor superfield f?|]@[f§. One can 
easily check that QV = and 5V = QVt implies ^^ npqr D a Ap = and SA a = ^~D a Q, 
which are the super-Maxwell equations of motion and gauge invariances written in terms 
of a spinor superfield. 

When a' (mass) 2 = 1, the first massive states of the open superstring are described 
by the vertex operator 

V = dX a A a (x, d)+ : d6 p X a B af3 (x, 6): + : d p X a C^ a (x, 9) : (2.6) 

+ : U m X a H ma (x,e) : + : JX a E a (x,6) : + : N mn X a F amn (x , 9) : 

where : U A X a $ aA (x, 6)(z) : =§ j^U A (y) X a (z)$ aA (z) and <S> aA (x,6) are the various 
superfields appearing in fl2.6|). Note that because of (|2.5|), V is invariant under the field 
redefinition 

SF amn = 7ma/3 Af - lnce0 Ai, SE a = -7^A&, 8A a = -2a' 7 ^A&. (2.7) 

As will now be shown, the equations of motion and gauge invariances implied by QV = 
and 5V = QVt imply that the superfields <& aA (x,9) describe a massive spin-two multiplet 
containing 128 bosonic and 128 fermionic degrees of freedom. 

3. Equations of Motion 

Using the OPE's of (|2lf) and (|2l]), one finds that 

1q V = I Jy_[ dX f 3 ( y )X-( z )(D a A f3 (z) + B aP (z)) - de^(y)X a (z)\f 3 (z)D f} B ai (z) (3.1) 
a' J y-z 

-lm 1 p\ 1 (y)ir n (y)\ a (z)C p a (z) - d 1 (y)X a (z)X f3 (z)D f ,C^ ce (z) 

+^(y)d6 s (y)X a (z)H ma (z) + U m (y)X a (z)X f3 (z)D f3 H ma (z) 

-X^(y)d 1 (y)X a (z)E a (z) + J(y)X a (z)X /3 (z)D p E a (z) 

-\(l mn V 5 X 5 (y)d 1 (y)X a (z)F amn (z) + N mn (y)X a (z)X^ (z)D p F amn (z)} 

= - : d6 1 X a XP[D a Bp 1 - y™H m p] : + : U m X a X p [D a H ml3 - lmctl C~> >] : (3.2) 
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: d^X^D^p + SZEp + i( 7 Tnn ) 7 a^mn] 



a' „ a' 



+X a dX f3 [D a Ap + B a p + a'y^dmCPa - —DpE a + -{ 1 mn D)pF amn ] 

+ : JX a X?D a Ep : + : N mn X a X p D a Fp mn :, 

where : U A X a X^ ct p A (x,9)(z) : =§ ^-U A {y) X a {z)X? {z)Y, a p A (z). 

Since X^ m X = X^ m dX =0, QV = implies that the superfields <& a A satisfy 

[imnvcirT^DaB^ - ^H^] = 0, (3.3) 
(Sfmnpqr) ^sot-yC^ p\ 0, 

(lmn Pq X P [D a C^ + P a Ep + l -(Y l V a F Pst ] = 0, 

(jmnpqrT^DaAp + B a p + a'Yp^C^ - ^DpE a + ^-( 7 st D) pF ast ] 
= 2a''y af3 >y vwxys n ,K l 

imnpqr lap 'isv^-^vwxyi 



ct' „ a' 



(j m n P ) aP [D a Ap + B a + a'Y^d s C^ a - —DpE a + -( 1 st D)pF ( 



ast\ 

= 16aS Q/3 y w % y K s 
-y Q/? D Ea = ^ (^wx y ) a K s 

imnpqr ot p I mnpqr\ I I s ) ap* '-vwxyi 

~aP jj pst _ a/3 ( vwxy [s\ rrt\ 
Imnpqr ot p imnpqr \ l I I O-p vwxy ' 

where K% wxy is an arbitrary superfield. The possibility of introducing K* wxy into the 
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vwxy ) 



right-hand side of ( |3.3j ) comes from the fact that for arbitrary K s 



- : N st X a X? : (l vwxy 7 [s )^Kixy+ ■■ JX a X /B : {j vwxy lsUK wxy (3.4) 

+*'X«dX?[2 1 l-y s r lst Ki wxy + l^ w a ; V K wxys } = 0, 
which follows from the identity 

: iV st A a A^ : 7 ^ 7 - \ : JX a X^ : *y tfh = ^X a dX^ t p, - ^X S dX^ lst T 5l s p r (3.5) 
To derive (|3.5|) , first define 



: U A X a X f3 := lim / -^-U A {y)X a {w)X (3 {z) + lim / -^-U A (y)X a (w)X (3 (z) (3.6) 

w ^ z Jc w v - z w ^ z Jc z y- z 



where C w encircles the point w and C z encircles the point z. Using (|2.5| ) and (|2.4[) , one 
finds 

: N st \ a \? J ^ XP ■ 1*fh (3.7) 

= a'X a dX^ + lim I Jy-( Nst (y)Y Pl - lj(yht Pl )X a (w)X (z) 

w ^ z Jc w y — z 1 

= a'X a dXP ltPl + lim -J—[^( 7st )- s X s (w)Y Pl - ^X a (w) ltPj ]X^z) 

= c/A a <9A%/3 7 - ^x s dx^ lst r s Y Pl + jX a dxe lt ^. 

4. Gauge Transformations 

In order to determine the physical content of the equations of motion ( |3.3| ), one needs 
to gauge fix the superfields using the gauge transformations implied by 5V = Qfi, as 
well as the transformations implied by the field redefinition of (|2.7|) . Since the gauge 
parameter O should have ghost number zero and conformal weight one, the most general 
gauge parameter is 

O =: d9 a n la (x, 9): + : d a Q%(x, 9): + : U m n 3m (x, 9) : (4.1) 

+ : JQ 4 (x,9) : + : N mn Q 5mn (x,9) :, 

where : U A n A (x,9) : =§ ^-U A {y) fl A (z). 

Using the OPE's of (|p|) and (U), one finds that 

jLqo = I Jy_[ dX «(y)n lce (z) ~ d9P(y)X a (z)D a n ip (z) - lma/3 X^(y)U m (y)^(z) (4.2) 
a' J y — z 

-d p {y)X a {z)D a ^ 2 {z) + 1 ™ s W(y)d9 s (y)n 3rri (z) + U m (y)X a (z)D a n 3m (z) 
-X^(y)d 1 (y)n 4 (z) + J(y)X a (z)D a n 4 (z) 
-\{l mn V 5 X 5 {y)d 1 {y)n 5mn {z) + N mn (y)X a (z)D a n 5mn (z)} 

= dX a [n la + a'j^d m n^ - yD a 4 - ^™f a D p n 5mn ] (4.3) 
+ :d9?X a [-DMip + lZ^m] : 
+ : d p X a i-D a n% - <5f0 4 - \{l mn f a ^mn\ : 
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5mn j 



+ : TT n \ a [D a Q 3m — 7 mQ /jOf] : 
+ : J\ a DA : + : N mn X a D a n 5mn : • 
So 5U = ^-QO implies the following gauge transformations for the superfields in ( |2.6|) : 

5A a = O lQ + a 7 7^a m nf - yDa0 4 - ^( 7 mn ) /3 a ^0 5mn , (4.4) 

= -D Q 4 , 



5. Massive Spin-Two Multiplet 

In this section, we shall show that the equations of motion of ( |3.3| ) and the gauge 
transformations of ( fOf ) and (|2.7| ) imply that the superfields appearing in Q2.6|) describe 
a spin- two multiplet with (mass) 2 = A- Note that the 128 bosonic and 128 fermionic 
component fields in a massive spin-two multiplet consist of a traceless symmetric tensor 
g mn , a three-form b mnp , and a spin-3/2 field ^ mQ satisfying the equations: 

ri mn g mn = d m g mn = d m b mnp = d m ^ ma = 7 ma ^m/3 = 0. (5.1) 

These ten-dimensional component fields can be understood as Kaluza-Klein modes of an 
eleven-dimensional supergravity multiplet. 

The first equation of motion of (|3.3| ) implies that \ a \P A 7 D a Bp*y = where 
A /3 A 7 5 ( a 7 = (\ , y rnripqr X) B mnpqr . As discussed in reference ||, this is the same equation of 
motion as for the super-Maxwell antifield A*^ = A* rnnvqr {^f mnvqr )p 1 . But up to the gauge 
transformation 5A^ np9r = j^^D^A^, X a X^X y D a Ap = has only massless solutions. 
Since the fourth equation of ( |3.3| ) implies at a' = that (B a p + D a Ap) = 0, B mnpqr 

has no massless solutions. So \ a \ /3 \' r D a Bf3~ r = implies that B mnpqr = j^^DpA^ 
for some A 7 . Using the gauge parameters Oi a and fi3 m , one can therefore gauge 
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B a f3 = l™p v B mn p- Note that this gauge- fixing condition still leaves gauge invariances 
parameterized by Q,\ a that satisfy ~i^ nvqr B> = 0. 

Plugging B a p = , ~y™p P B mnp into the first equation of (|3.3|), one finds that 



(T n tmnpqr)*y H sa ( ^mnpqr)^ D a B s t ul (5.2) 



which implies that 



DaB mnp = ^ Z np]P _ l-frl™) J H% ] + 7™ P F 7 (5.3) 

for some Y 7 and Z npp satisfying Z np/3 7pa/3 = 0. It will now be argued that (|5.3|) implies 
that B mnp describes a massive spin-two multiplet whose mass will be determined by the 
fifth equation of (|3.3|). 

To analyze the physical content of (|5.3|) , it will be useful to choose a reference frame 



in which the spatial momenta k a = for a = 1 to 9 where the indices [a, b, c, ...] denote 
spatial directions .i This reference frame is always possible since the fifth equation of ( |3.3j ) 
at a' = implies that (B a p + D a Ap) = 0, so B mnp has no massless solutions. The 
spatial polarizations of ( |5.3|) imply that 

D a B abc = ^S bc ^ (5.4) 

for some superfield S bc @. To show that B bcd describes a massive spin- two multiplet, recall 
that massive representations of D = 10 supersymmetry (or massless representations of 
D = 11 supersymmetry) are described by the states fi^ where P indices range over the 
128 bosonic and 128 fermionic components of the smallest SO (9) supersymmetric multiplet 
and A indices describe the degeneracy of the "ground" state. Note that supersymmetry 
transformations act only on the P index and leave the A index invariant. 

Defining b bcd = B bcd \g=o, the indices [bcd\ on b bcd could in principle come from con- 
tractions of P indices with A indices. But the constraint of (|5.4| ) implies that the su- 
persymmetry transformation of b bcd is 8b bcd = (e^ b S cd ^)\Q = o, which implies through the 
supersymmetry transformation of the P index that all indices in b bcd come from P. So the 
"ground state" O p is non-degenerate and b bcd is the three-form of the smallest SO (9) su- 
persymmetric multiplet. Furthermore, the supersymmetry transformation of b bcd implies 
that 

S bcf3 = ( 7 [^c])/3 ( 55 ) 



3 Although the analysis would be more complicated, the physical content of ( |5.3| ) could also 
be covariantly derived by applying combinations of D a and using 7-matrix identities. 
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where 7f 7 \I/^ = and (^°)\e=o = ^ is the spin | field. The remaining 44 bosonic degrees 
of freedom in the SO(9) multiplet are described by the 8 = components of the superfield 
G bc = D^/^ty^ which satisfies r]h c G bc = 0. Since G mn is a spin-two superfield, one can 



interpret H na as a D = 10 vector-spinor prepotential as in [fro| . Note that in D = 4, a 
similar role is played by a vector prepotential for a massive spin- two superfield []12|| . 
To complete the proof that B mnp describes the massive spin- two multiplet of ( |5.1| ) , it 



will now be shown that B obc = when k a = for a = 1 to 9. Comparing ( |5.3|) , ( |5.4| ) and 



one finds that 

Y7 =0 , Z 6c = /i( 7 [^ c l) 7 , = 96(/i - l)*^ (5.6) 

for some constant h. And {^ m Z rnn ) a = implies that Z ob7 = — 7/i(7°\I/ 6 ) 7 . After using 
the gauge parameter fi^ to gauge (7 m if m ) a = 0, one learns from ( ]5.3| ) that 

D a B 0&c = (4 - 16/i)( 7 °7 [ ^ c] ) a . (5.7) 

Using similar arguments as before, one can argue that the only solution to (|5.7|) is B obc = 
and h = j. To prove this, note that b obc = -B obc |e=o transforms under supersymmetry as 
Sb obc = (4-16/i)(e7VV c1 )- But there are no states in which transform in this manner, 
so b obc must vanish. 

So ( |5.3|) implies that B mnp describes a massive spin- two multiplet. Furthermore, after 
using the gauge parameters O4, Os mn and (|2.7|) to gauge-fix 



C a p = {l mnpq ) a pC mnpq and 7 mQ %mn = 0, (5.8) 

the first three equations of ( |373| ) imply that [H ma , C mnpq , E a , F arnn ] are determined from 
B mnp by the equations 

3 1 

Ha ~^(SimnD^) a B P , C mn pq ^[m ^npq] ? -^a 0, (5-9) 

and the trace of the seventh equation of ( |3.3| ) implies that 

K s mnpq = ^{l^ npqu D a Fr - ^ [mnp S s q] D a F^). (5.10) 



Plugging ( |5.9| ) and ( |5.10|) into the fourth equation of (|3.3j ) implies that D a Ap = 

0, so one can gauge-fix Ap = using the remaining gauge transformation parameterized 
by fii/3. And plugging (|5.9|) and (|5.10|) into the fifth equation of ( |3.3|) implies that 



(d m d m - ^)B npq = (5.11) 



a' 



so that (mass) 2 = \. Finally, the sixth equation and the traceless part of the seventh 
equation of ( |3.3| ) provide no new information, as can be seen from the fact that if the first 
five equations of ( |01 ) are satisfied, 



QV =: J(A 7 ™^A) : S mnpqr + : iV st (A 7 ™^A) : T^ npqr (5.12) 
for some Sm n p qr and traceless T^ npqr . But Q 2 = implies that 

= Q[: J(A 7 ™^A) : S mnpqr + : iV st (A 7 ™^A) : T% npqr ] (5.13) 

= -Y Xad ^ mnqPr ^Smn Pq r + ^ (X lst d) (Xj^ X)T^ npqr + ... 

where ... does not involve d a . So Q 2 = implies that S mnpqr = = 0. 

So it has been shown that the vertex operator of ( |2.6|) describes a spin-two multiplet 
with (mass) 2 = A in terms of ten-dimensional superfields. 
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